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Abstract 

Previously, we have shown that the CAR algebra for fermions is 
embedded in the Cuntz algebra O2 in such a way that the genera- 
tors are expressed in terms of polynomials in the canonical generators 
of the latter, and it coincides with the C/(l)-fLxed point subalgebra 
A = C^*-^"* of O2 for the canonical gauge action. Based on this embed- 
ding formula, some properties of A are studied in detail by restricting 
those of 02- Various endomorphisms of ©2, which are defined by poly- 
nomials in the canonical generators, are explicitly constructed, and 
transcribed into those of A. Especially, we investigate branching laws 
for a certain family of such endomorphisms with respect to four impor- 
tant representations, i.e., the Fock representation, the infinite wedge 
representation and their duals. These endomorphisms are completely 
classified by their branching laws. As an application, we show that the 
reinterpretation of the Fock vacuum as the Dirac vacuum is described 
in representation theory through a mixture of fermions. 

1 Introduction 

In previous papers ^12113113) we have presented a recursive construction 
of the CAR (canonical anticommutation relation) algebra for fermions in 
terms of the Cuntz algebra O2 and shown that it may provide us a useful 
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tool to study properties of fermion systems by using explicit expressions in 
terms of generators of the algebra. 

Let ^0 be the algebra generated by a„,a* for n G N = {1,2,3,...} 
which satisfy the canonical anticommutation relations (=CAR): 

antt"^ + a^Un = Sn,ml, 0*^0*^ + 0*^0*^ = Qnam + amttn = (n, m € N). 

(1.1) 

The *-algebra always has unique C*-norm || • || and the completion A 
of Aq with respect to || • || is called the CAR algebra in theory of operator 
algebras. Let si,S2 be canonical generators of 02- Then 

ai = sis*2, an= ^ sjSis*2P2{sj)* (n > 2) (1.2) 
Je{i,2}"-i 

satisfy (ll.lj) where sj = Sj^ ■ ■ ■ Sj^ for J = (ji, . . . , jfc) and /?2 is the au- 
tomorphism of O2 defined by P2{si) = (— l)*~^Sj for i = 1,2 p. Fur- 
thermore, C*({a„ £ O2 '■ n £ N}) coincides with a fixed-point subalgebra 
02^^^ = {x £ O2 for all z £ U{1), 7^(3;) = x} of O2 for the canonical 
gauge action 7 defined by 72(54) = zsi {i = 1, 2) with z £ U{1). Define the 
linear map C, on O2 by 

C(x) = sixs*i — S2XS2 {x £ 02). (1.3) 

Then we have = C('3^n-i) for each n > 2. In this sense, {a„}„gN in 
(|1.2|) is called the recursive fermion system (=RFS) in 02- Remark that 
H1.2|) is a finite sum giving a purely algebraic embedding, while it is also a 
(continuous) embedding of the C*-algebra A into 02- In contrast with the 
so-called boson-fermion correspondence |17( I18j. in which the map between 
bosons and fermions depends on their representations, the generators of 
fermions are always written by noncommutative homogeneous polynomials 
(G C[si, S2, s|, S2]) ™ the canonical generators of O2 without use of any 
representation. 

We have also shown ^ that it is possible to generalize this recursive 
construction to the algebra for the FP ghost fermions in string theory by 
introducing a *-algebra called the pseudo-Cuntz algebra suitable for actions 
on an indefinite- metric state vector space. We have found that, according 
to embeddings of the FP ghost algebra into the pseudo-Cuntz algebra with 
a special attention to the zero-mode operators, unitarily inequivalent repre- 
sentations for the FP ghost are obtained from a single representation of the 
pseudo-Cuntz algebra. 
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Based on the embedding formula 1)1.2(1 , some properties of A are studied 
in detail by restricting those of 02- For this purpose, we start with branching 
laws of representations of On restricted on 0^^^\ 

Definition 1.1 (Permutative representation of Oat) Let si, . . . ,sn be 

canonical generators of On . 

(i) For J = € {1, . . . , A^}'^, P{J) the class of representations 
(TCjIt) of On with a cyclic unit vector Q. ^ 7i such that 'K[sj)Vt = Vt 
and {vr(sjj • • • •Sjj.)r2}^^-^ is an orthonormal family in Ti where sj = 

■ ■ ■ •Sjfc- Here, {7r(sj; • • • Sji,)Q,}i^i is called the cycle of P{J). 

(ii) Let{l,...,N}'=^ = {{in)neN--foranyn,ine{l,...,N}}. For J = 
{jn)n&'N S {1, . . . , A^}°^, P{ J) is class of representations {Ti.,7r) 
of On with a cyclic unit vector fl G H such that {7r{{sj^^^)*)^l : n £ 
N} is an orthonormal family in 7i where J(„) = Here, 
{7r((sj^^j)*)r2:n€N} is called the chain of P{J). 

We simply call that {Ti^ir) is a cycle (chain) if there is J G {1, . . . ,N}^ 
{resp. J G {1, . . . , iV}°°) such that [H, vr) belongs to P{J). 

Let U HFn be the uniformly hyperfinite algebra and fix a generating set 

\Ji>i{Ek,l} j,K&{i,...,NY of UHFn such that {Ek,l} j,K(i{i,...,NY is a system 
of matrix units of a unital subalgebra of UHFn which is isomorphic to 
M^,(C) and Ek,l = E^Ii ^i^u(i),iu(i) for each K,L £ {1,...,A^}' and 
/ > 1 where K \J {i) = (ki, . . . ,ki,i) with K = {ki, . . . ,ki). If there is 
no ambiguity, then Ek,l is also denoted as Ekl- The following definition 
depends on the choice of U/>i{^-R'i} j,A'G{i,...,Af}' • 

Definition 1.2 (Permutative representation of UHFn) Let ('H,7r) be 
a representation of UHFn ■ 

(i) For J = (jn)neN £ {!)••• ,^}^, Hi^] ^■^ the class of representations 
(HjVr) with a cyclic unit vector £ TC such that tt{Ej^^j^)Q = Q for 
each n > 1 where Jn = {ji, . . . ,jn)- 

(ii) For J = {jn)n=i S {1) • • • 1 ^[>^] is the class of representations 
{n,TT) such that {n,TT) is P[J°°]. 

In both Definition 11.11 and 11.21 we call O the GP ( Generalized Permutative ) 
vector of {TL, vr). 

Identifying UHFn with oJJ^^^ by the embedding ^uhFi, of UHFn 
into Oat as 

^uhfAEjk) = sjs*k (J,KG {l,...,iVr, n> 1), (1.4) 
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we show exphcit branching laws of permutative representations of Oat re- 
stricted on UHF]\f. In the case that a representation {Ti^n) of On is P{J), 
we denote the restriction CHjTtIi/hFn) by P{J)\uhFn simplicity of de- 
scription. 

Theorem 1.3 For J = £ {l,...,Ny and K = (A;„)„eN G 

{1, . . . , A^}°°, the following irreducible decompositions hold: 

P{J)\uHF^ = ®P[oJl P{K)\uHF^ = ®P[riKl (1.5) 

where a J = . . . , and rjK = {k'jneN is defined by k'^ = for 

r]{n) > 1, /c„ = 1 for r]{n) < 0. 

In this result is described in terms of the "atom" of a permutative 
representation. The decomposition of the chain is a special case of jlj. 

Let &N,i be the set of all permutations on the set {1,... ,iV}'. For 
a £ &N,h define the endomorphism ip^ of On by 

ipaisi) = U^Si {i = l,...,N), (1.6) 

where = Ylje{i Ny S(7{,j){sj)*- It should be noted that Tp^ commutes 
with the C/(l)-gauge action on On for any a. In 13 , it is shown the fol- 
lowing: Numbers of unitary equivalence classes of elements in £^2,2 = {V'o- '■ 
a G ©2,2} is 16. The group G2 = Aut02 H £"2,2 is isomorphic to the Klein's 
four-group, which consists of two outer and two inner automorphisms. The 
set -E'2,2 \ G2 consists of 10 irreducible and 10 reducible endomorphisms and 
numbers of their equivalence classes are 5 and 9, respectively. Especially, 
(the class of) the canonical endomorphism of O2 belongs to the set of re- 
ducible classes in -£'2,2- Now, we consider the restriction of S2,2 to UHF2. 
Since p\uHF2 is also an endomorphism of UHF2 for each p £ £^2,2 , its prop- 
erties are obtained as follows: 

Theorem 1.4 Define C/£2,2 = {p\uHF2 '■ P S £2,2}- 

(i) The cardinarity of U £2,2 equals 20 and the number of unitary equiva- 
lence classes of elements in C/£'2,2 is 12. 

(ii) The subgroup UG2 = AutUHF2 H U £2,2 of AutUHF2 is also isomor- 
phic to the Klein's four-group, which consists of two outer and two 
inner automorphisms ofUHF2- 
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(iii) The set of all equivalence classes in [^£'2,2 \ UG2 consists of 4 irre- 
ducibles and 6 reducibles. 

With the embedding ^cAR of the CAR algebra A into O2 defined as 
H1.2|) . and with the identification A and UHF2 by a map ^ from ^ onto 
UHF2, 

^{a^)^E,2, ^{an)^ Yl (-ir^^^^Ju(i),Ju(2) (n > 2), (1.7) 

Je{i,2}"-i 

where n2{J) = Z]i=i(ji ~ 1) fo'^ ^ = {ji, ■ ■ ■ ,jk), we obtain a relation 
'^'CAR = ^UHF2 ° ^ among ^ ^ ^CAR and ^UHF2 in (|l-4p . Hence, accord- 
ing to these maps, we may regard A and UHF2 as the same subalgebra of 
02- Restrictions of representations and branching laws are also described 
by such identifications. 

As an application of branching laws on UHF2 , we show the following: 
Let {7i, it) be the Fock representation of A with the vacuum Q. We identify 
A with Tr{A). Then, we have a„f] = for each n > 1. Let Z + 1/2 = 
{n + 1/2 : n G Z and Z> + 1/2 = {x G Z + 1/2 : x > 0}. Define a mixture 
{bk}kez+i/2 of fermions by 

{bk = (-l)''~^/^(aiaia2fc+2 + a*iaia2k+2), 
(A;GZ> + 1/2). (1.8) 
b-k = {-l)^~'^^^{aiala2k+i - ajaia*^^^ 

Then, we obtain 6^6/ + bibk = 0, 6^6^ + 6^6^ = 5kil for each k, I, and 

bkn = i-if''/\;,^^n, bi^n = i-i)''-'/^ai,^,n, bin = b_k^ = o 

(1.9) 

for A; > 0. It is shown that the vectors 

bk,---bk„b\---b*_i„n (fei,...,fc„,Zi,...,Z^GZ> + l/2) (1.10) 

span the infinite wedge representation of A with the Dirac vacuum (or the 
vacuum of the infinite wedge) Q jl7lll8j . In this way, it becomes possible to 
reinterpret the Fock vacuum as the Dirac vacuum. On the other hand, for 
Q* = a\Q, the following equations hold: 

6_,f)* = (-i)'=-i/2a*2,+if]*, bin* = i-i)''-'/^ai,^^n*, bkn* =b*_,n* = 0. 

(1.11) 

Hence, the vectors 

b.k,---b-kr.bl---bln* {h,...,kn,ll,...,lmeZ> + l/2) (1.12) 
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span the dual infinite wedge representation of A with the dual Dirac vac- 
uum 0,*. In consequence, through the mixture (jl.Hj) of fermions, the Fock 
representation is transformed to the direct sum of the infinite wedge repre- 
sentation and its dual: 

Fock Infinite Wedge® Dual Infinite Wedge. (1-13) 

The present paper is organized as follows: We show properties of per- 
mutative representations and permutative endomorphisms of the Cuntz al- 
gebras and the uniformly hyperfinite algebras in § |21 In § 12.21 Theorem 11.31 
is proved. We treat the second order permutative endomorphisms and their 
branching laws in § 01 In § 13. 2( Theorem 11.41 is proved. We apply these 
results to the case of fermions in § 0] In § 14.21 we explain (jl.Hj) and its 
meaning in the representation theory. 

2 Branching laws on On and UHFn 

In this paper, any representation and endomorphism are assumed unital and 
^-preserving. 

2.1 On On 

For > 2, let Oiv be the Cuntz algebra 8 , that is, a C*-algebra which 
is universally generated by generators si, . . . ,S7v satisfying s*Sj = 5ijl for 
i, j = 1, . . . , N and sis| -|- • • • -|- sns*^ = I- 

We review results of permutative representations 0121 EI- (W,7r) is a 
permutative representation of On if there is a complete orthonormal basis 
{e„}„gA of H and a family / = {fi}^i of maps on A such that 7r{si)en = 
ef^[n) for each n G A and i = 1,. . . ,N. Any permutative representation is 
uniquely decomposed into cyclic permutative representations up to unitary 
equivalence. For any J, P{J) contains only one unitary equivalence class. 
Any cyclic permutative representation is equivalent to P{J) for a certain 
JG{l,...,A^}# = IJ,>i{l,...,A^}^'U{l,...,iV}-. 

We prepare several notions of multiintegers. Define {1,...,A^}^ = 
U,>i{l, ...,N]^ and {1, . . . , NY = Ufc>o{l, . . . , iV}^ {1, . . . , iVf ^ {0}. 
The length \J\ of J G {1, . . . ,iV}# is defined by |J| = A; for J G {1, . . . ,iV}^ 
For Ji,J2 G {l,...,A^}*^andJ3 G {1, . . . , iV}-, J1UJ2 = (ji,^. . . jI, . . . , j;'), 
Ji U J3 = {ji,. . . ,jk,ji,j2,- ■ ■) for Ji = (ja)a=n J2 = (jfe)Li and J3 = 
(jn)neN- Especially, we define JU (0) = (0) U J = J for convention. For J G 
{1, . . . , A^}* and A; >2,J^ = JU- • -UJ {k times). J G {1,. . • , A^j^ is periodic 
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if there exist an integer m > 2 and a multiintegers Jq G {1, . . . ■,N}\ such 
that J = (Jo)™. For Ji, J2 G {1, . . . , iV}|, Ji ~ J2 if Ji, J2 G {1, • • • , iV}'^ 
(A: > 1) and J2 = (ip, . . .,jk,ji, ■ ■ ■ ,jp~i) {I < P < k) with Ji = (ji, . . . , j^)- 
For {J,z),{f,z') G {!,..., A^}^ x U{1), {J,z) ~ (j',z') if J ~ / and 
z = z. For Ji = J2 = Ji ^ J2 if EtiO'l - i/)^^'"' > 0. 

Especially, any element in {1, . . . , A^} is nonperiodic. J G {1, . . . , A^}°° is 
eventually 'periodic if there are Jq^J\ G {!,..., A^}^ such that J = JoU( Ji)°°. 
For Ji, J2 G {!,..., A^}°°, Ji ~ J2 if there exist J3, J4 G {!,..., iV}* and 
J5 G {1, . . . , iV}°^ such that Ji = J3 U J5 and J2 = J4 U J5. 

Next, we introduce a representation of which is not a permutative 

one. 

Definition 2.1 GP(ib) is t/ie c/ass of representations (TCir) with a cyclic 
unit vector 0.^71 such that 7r(si it 82)^ = \/20. 

For {Ti.,7r) of P(J) and /? G EndOA?, we denote {Ti.,7r o p) by i-'(J) o p for 
simplicity of description. 

Theorem 2.2 Define P{J; z^) = P{J)oj, for z G [/(I) ancf J G {!,... ,iV}^. 

(i) For (J, z) G {1, . . . , N}i x -P( J; z) is irreducible if and only if J 
is nonperiodic. For J G {1, . . . , A^}°°, P{J) is irreducible if and only 
if J is not eventually periodic. 

(ii) For (Ji, zi), (J2, Z2) £{l,...,N}lx ?7(1), P(Ji; zi) ~ P(J2; Z2) if and 
onlytf{Ji,zi) ~ (J2,Z2). ForJi,J2 G {1, . . . , iV}°°, P{Ji) ^ P{J2) if 
and only if Ji J2. 

(iii) For J G {1, ... , Af}^ and / > I, P{J^) = P{J; ^i) • • • P{J; ^i) 
where ^„ = e27rv^(n-i)//_ j^/^jg decomposition is unique up to unitary 
equivalence. Especially, if J is nonperiodic, then this is multiplicity- 
free. 

(iv) GP(ib) contains only one unitary equivalence class and it is irre- 
ducible. Furthermore, GP{+) and GP{—) are not equivalent. 

Proof, (i)-(iii) are proved in piHinHlIT^. 

(iv) Define (/> G AutOiv by (/.(si) = (si + S2)/V2, (/)(s2) = {si - sa)/^ 
and (j){si) = Si for each i = 3,...,N. For any representation (7i,TT), 
(vr o (f>^^)[si + S2) = \/27r(si) and (vr o 0^-^)(si — S2) = \/27r(s2). This 
implies that P(l)o,/.-i = GP{+) and P(2)o0-i = GP(-). Therefore, from 
(ii) and (iii), the statements are verified. I 
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Hereafter, we denote a representation {Ti.,7r) of On by tt for simplicity 
of description. 

Theorem 2.3 For tpa- "in iti-61) . the following holds: 

(i) If TT is a permutative representation, then tt is also a permutative 
representation. 

(ii) //vr is P{J) for J G {!,..., A^}# and a then there exist multi- 
integers Ji, . . . , Jj\/ G {1, . . . , A^}* and subrepresentations vri, . . . , ttm 
of IT o ip^ such that 



with TTj ftein^ P(Jj) /or i = 1, . . . , M, and 1 < M < A^'^^ 

(iii) In(ii), ifJe{l,...,N}^(Je{l,...,N}^), thenJieUa=i{h---,Nr 
(resp. Ji G {1, . . . , iV}°°; /or i = 1, . . . , M. 

Proof. See Theorem 1.3 of ^3]. I 

The endomorphism ip^- in is called the permutative endomorphism of 
On associated with a. 

From the uniqueness of decomposition of the permutative representa- 
tion, the rhs in ()2.1() is unique up to unitary equivalence. Then ()2.1() can be 
rewritten as follows: 



We call (|'2.2|) the branching law for ipcj with respect to P{J)- The branching 
law for ipfj is unique up to unitary equivalence of ipa. From contraposition 
to this result, we distinguish two equivalence classes of endomorphisms in 



2.2 On UHFn 

Lemma 2.4 For J G {1, . . . , N}°° , let lo be the state of UHF^ defined by 
u;{Ek,l)^0 (K^L), u{Ek,k) = 6k,j^ {\K\=n). (2.3) 
Then the GNS representation ofUHF^ by lo is P[J] in Definition M.iA 



vr O -0^ = VTi © • • • © VTA/ 



(2.1) 



P{J)o^„ = P{J^)®---®P{Jm)- 



(2.2) 
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Proof. Let vr be P[J] with the GP vector 17. Define the state p of UHFn 
by p =< $7|7r(-)r2 >. For uj in H2.3|) . we can verify that p = uj. Because of the 
cyclicity of 17 and the uniqueness of the GNS representation, the statement 
holds. I 

For J = {jn)ne'N,j' = On)n6N G {1 , • • • , , J ^ f if there exists an 
integer uq > 1 such that jn = jn ^or each n > uq. 

Proposition 2.5 

(i) For any J G {1, . . . ,-/V}*, -P[J] contains only one unitary equivalence 
class. 

(ii) For any J G {1, . . . , A^}*, P[J] is irreducible. 

(iii) For J, j' G {1, . . . , iV}°^, P[J] ~ P[j'] if and only if .J ^ f . 

(iv) For J, j' G {1, . . . , iV}^, P[J] ~ P[j'] i/ and only if J = f . 
Proof, (i) By Lemma 12.41 the statement holds. 

(ii) Let ei, . . . ,e]\f be the standard basis of C^. Then, we see that the state 
UJ in ()2.3|) equals to the state F^^s^ in Definition 2.3 of f7| for cj) = {ej^)n£'N. 

Because F^q^ is pure, the statement holds. 

(iii) Applying Theorem 2.5 in [Jj to P[J], the assertion holds. 

(iv) From (iii) and the definition of P[J], we have P[J] ^ P[J ] if and only 
if J°° PS (j')°°. This is equivalent with J = f . | 

Proof of Theorem lOl Let (W,7r) be P{J) of On with the GP vector Q. 
Here we denote 7r(sj) by Sj for simplicity of description. In both decomposi- 
tion formulae in the statement, the irreducibility of each component follows 
by Proposition 12.51 (ii). 

Assume that J = From UHFn = 0^^^\ we obtain 

P{J; z)\ijhFm = PiJ)\uHFN for any z G U{1). Hence, it is sufficient to 
show that P{J)\uhFn = ®aeZi ^i^"^]- Define Vi by the completion of 
Vifi = ■k{U HFN)ei and Cj = Sj. • • • Sj,f7 for i = 1, . . . , /. Now, we show that 
n = Vie---eVi. By setting Elm = sl^m for L, M G {1, . . . , A^}", we 
see that if i 7^ j, then < EiM^ilE^' j^^'ej >= for each L, M G {1, . . . , A^}"^ 
and L', M' G {1, . . . , iV}''. Therefore Vi and Vj are orthogonal for i ^ j. On 
the other hand, if \L\ = In + i for n > and i = 0, 1, — 1, then sl^I. = 
•SL('Si,_,+i---Sj,('Sj)")*e;_i+i and SL(si,„,+i • • • Sj, (sj)")* G UHFn. Hence, 
we have sl^I G Vi. Because Lm{{sLQ, : L G {1, . . . , A^}*}) is dense in TC, we 
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have 7i = Vi(B- • - QVi as aU HF]\f -module. Define a state Wi =< ej|7r(-)ei > 
of UHFn for i = 1, . . . , / and aiJ = {ji, . . . . . . , jj-i). Then uJi sat- 

isfies H'2.3() with respect to {aiJ)°^ . Because the restriction tt^ of 'k\uhFn 
on Vi is equivalent to the GNS representation by Wj, we have vrW is P[aiJ]. 
Therefore, the first formula holds. 

Assume that K = {kn)n&i- Define e„ = s^^ • • • s*^_Q., e_„ = s^fi for 
n > 1 and eo = ^2. Define Vn by the completion of V^fi = 7r{UHF]\[)en for 
n G Z. Then Vn and Vm are orthogonal for n ^ m. Let L S {1, . . . , A^}° 
and n G Z. For n > I, we have s^e^ = s^s^^ • • • sl^_^^^en-a S Ki_a- For 
1 < n < a, we have SLSn = SLsJ^^(s*)"~'^e„_a G Vn-a- For n < 0, we have 
SLe„ = SLisl)"-en-a G Ki-a- Hence, we obtain that slCu G 0.mez fo'^ 
each n and L. Because Lm{{sLen : L G {1, . . . , A'"}*, n G Z}) is dense in Ti., 
we have W = 0„gz V"„. Define a state w„ of UHF^ by =< en|vr(-)e„ >, 
and (T„(m) = m + n for n,m G Z. Then a;„ satisfies ()2.3() with respect to 
anK. Likewise in the case of J, the second formula holds. | 

In order to classify endomorphisms of UHFjsi, we introduce two repre- 
sentations as follows: 

Definition 2.6 GP[ib] is the class of representations (TCtt) ofUHFj^j with 
a cyclic vector Vt such that ■K{Fn^±)^ = ^ for each n > 1, where Fn^± G 
UHF]^ is defined by 

F„,+ ^2-" Yl Fn,-^2-^ (-1)"^"'"'^JA' (2.4) 

J,i^e{l,2}" J,K&{1,2}" 

with II J - K\\ = J2i=iUi - ki) for J = (ji)^^i and K = {ki)'}=^. We call Q 
the GP vector of {Ti.,7r). 

Proposition 2.7 

(i) If J is nonperiodic (not eventually periodic), then the case (i) (respec- 
tively (a)) in Theorem ] 1.'^ is multiplicity-free. 

(ii) GP{±)\uHF^ = GP[±]. 

(iii) GP[ib] contains only one unitary equivalence class and it is irreducible. 
GP[-\-] and GP[—] are not equivalent. 

Proof, (i) This holds as a result of Proposition [^3] (iii) and (iv). 

(ii) In the proof of Theorem 12.21 (v). we see that (j)\uHFN ^ AutUHFj\f and 

P[l] o (j)-'^ = Hence, we have 

GP[+] o = P[l] = P{l)\uHF^ = {GP{+) o ^)\uHFr,- (2.5) 
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From this, we obtain = GP{+)\uhFn- ^ similar way, we obtain 

GP[-]=GP{-)\uHF^. 

(iii) Because we have P[l] o = GP[+] and P[2] o cf)-'^ = GP[-], the 
statements hold. ■ 



3 Second order permutative endomorphisms 

In order to classify endomorphisms of C*-algebras, we prepare several no- 
tions for their properties. Let End^ be the set of all unital *-endomorphisms 
of a unital *-algebra A and p,pi,p2 G End.4. We state that p is proper if 
p{A) ^ A; p is irreducible if p{A) n ^ = C/; p is reducible if p is not irre- 
ducible; pi and p2 are equivalent {pi ~ P2) if there exists a unitary u £ A 
such that p2 = Adn o pi. 

Then the following holds. If pi is proper and p2 is not, then pi 7^ p2- 
If pi is irreducible and p2 is not, then pi p2. Any automorphism is 
irreducible and not proper. If A is simple, then p is an automorphism if and 
only if p is not proper. Let Rep^ be the class of all unital *-representations 
of A. If A is simple and there is vr G Rep^ such that both vr and nop 
are irreducible, then p is irreducible. If there exists n G Rep^ such that 
■n o pi TT o p2, then pi p2. If there exists vr G Rep^ such that vr is 
irreducible and vr o p is not, then p is proper. If ;B is a subalgebra of A 
and p £ End^ satisfies p\is G End^S, then (vr o = (7r|g) o {p\is) for any 
vr G Rep^. 

3.1 On O2 

In order to derive branching laws on UHF2, we review the corresponding 
results on 02- Recall V'o- for a G &n,i in For / = 2, we call ^o- 

the second order permutative endomorphisms of Oat by cr. In XE,^, we show 
the complete classification of unitary equivalence classes of the second order 
permutative endomorphisms of O2 by using their branching laws. By using 
a map A : {1, 2, 3,4} ^ {(1, 1), (1, 2), (2, 1), (2, 2)} defined by A(l) = (1, 1), 
A(2) = (1, 2), A(3) = (2, 1), A(4) = (2, 2), we identify a G 62,2 and A^^ o a o 
A G ©4, and use a notation 

E2,2 = {^a-<y& ©4(= ©2,2)}. (3.1) 
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Their properties are summarized in Table 1 (see Table I in 

Table 1. Elements in i?2,2- 



jjaisi) V'<t(s2) property Adtt o 





Si 


S2 


inn.aut 


''/'{14){23) 


V'12 


Sl2,l + Sii,2 


S2 


irr.end 


'(/'1324 


1pl3 


S21,l + Si2,2 


Sll,l + S22,2 


irr.end 


'(/'1432 


i>14 


S22,l + Si2,2 


S21,l + Sil,2 


red. end 


^14 


V'23 


Sll.l + S21,2 


Sl2,l + S22,2 


red. end 


i>23 


V'24 


Sll,l + S22,2 


S21,l + Sl2,2 


irr.end 


V'1234 


V'34 


Si 


S22,l + S21,2 


irr.end 


"01423 


^"123 


Sl2,l + S21,2 


Sll.l + S22,2 


red. end 


^243 


^132 


S21,l + Sii^2 


Sl2,l + S22,2 


red. end 


V'132 


^124 


Sl2,l + S22,2 


S21,l + fill, 2 


red. end 


^"124 


^142 


S22,l + Sii^2 


S21,l + Sl2,2 


irr.end 


V'134 


^134 


S21,l + Si2,2 


S22,l + Sll,2 


irr.end 


^142 


^143 


S22,l + Si2,2 


Sll.l + S21,2 


red. end 


^143 


1p234 


Sll.l + S21,2 


S22,l + Sl2,2 


red. end 


^234 


i>243 


Sll,l + S22,2 


Sl2,l + S21,2 


red. end 


^123 


1p\234 


Sl2,l + S21,2 


S22,l + Sii,2 


irr.end 


^24 


1p\243 


Sl2,l + S22,2 


Sll.l + S21,2 


red. end 


l/'1243 


'l/'1324 


S2 


Sl2,l + Sll,2 


irr.end 


V'12 


'l/'1342 


S21,l + Sil,2 


S22,l + Sl2,2 


red. end 


'(/'1342 


'l/'1423 


S22,l + S21,2 


Si 


irr.end 


^34 


1p\432 


S22,l + Sii^2 


Sl2,l + S21,2 


irr.end 


i>13 


V'(12){34) 


Sl2,l + Sii,2 


S22,l + S21,2 


out.aut 


V'(13){24) 


V'(13){24) 


S2 


Si 


out.aut 


V'(12){34) 


V'(14){23) 


S22,l + S21,2 


Sl2,l + Sil,2 


inn.aut 





The symbols are defined as Sij^k = SiSjsl for i,j,k = 1,2, 
and "inn.aut", "out.aut", "irr.end" and "red. end" mean an 
inner automorphism, an outer automorphism, a proper ir- 
reducible endomorphism and a reducible endomorphism, re- 
spectively, and u = S1S2 + S2S1. 



For C = (Ci)C2) S O2 X O2 and (pi,ip2 £ EndC'2, define a linear *- 
preserving transformation ipi -|-^ ip2 on O2 by Ci^i{-)Ci + C2V22(')C2- Let 
e = (si,S2), = {{si + S2)/V2, {si - S2)/V2) G O2 X O2. Then both 
fi +S, ^2 and ipi ip2 are endomorphisms of O2 for any v^i , ^32 • By using 
this notation, we can verify the following 16 : 

ipu = a aO, ip23 = L+^i, ^pl23 = i+^a, 
ijji24: = a a/32, ^"132 = i +5' Pi, ipus = a a(3i, (3.2) 

^^234 = 02, V'1243 = a +^ a, ^1342 = O, 

where i is the identity map on O2, a, /32 S Aut02 are defined by a{si) = 
ss-i, Pj{si) = {—l)^"-^ Si for i,j = 1,2 and 6 = Pi o ^2- On the other hand, 
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the following holds from Definition 12.11 (ii) : 

GP{+)of32 = GP{-), GP{+)oa = GP{+). (3.3) 

There are 16 unitary equivalence classes in £^2,2 by 15 . We choose 16 
representatives in £'2,2 and show their branching laws in Table 2 by using 
Table II in [E], (jHSJ and (TOl) . 



Table 2. Branching laws for i?2,2 on 02- 





P(i) v„ 


P(2) oV-a 




GP(+) 




P(l) 


P(2) 


P(12) 


GP{+) 


V'(12)(34) 


P(2) 


P(l) 


P(12) 


GP(+) 




P(12) 


P(l) ffiP(2) 


P(1122) 






P(2) 


P(2) 


P(ll) 






P(l) 


P(l) 


P(22) 




tp-M 


P(i)eP(2) 


P(12) 


P(1122) 




V'142 


P(12) 


P(12) 


P(ll) © P(22) 




V'14 


P(22) 


P(ll) 


P(12) ffiP(12) 


GP(+) © GP(+) e 


^23 


P(1)©P(1) 


P(2) ©P(2) 


P(12) ffiP(12) 


GP{+)®GP{+) 


V'123 


P(1)©P(2) 


P(1)©P(2) 


P(12) ffiP(12) 


GP(+) © GP(+) 


V'124 


P(22) 


P(1)©P(1) 


P(1212) 


GP{+)(BGP{-) 


V'132 


P(ll) 


P(2) © P(2) 


P(1212) 


GP{+)(BGP{-)o9 


V'143 


p(2) eP(2) 


P(ll) 


P(1212) 


GP(+) © GP(-) 6» 


'0234 


P(1)©P(1) 


P(22) 


P(1212) 


GP{+)®GP{^) 


V'1243 


P(2) ©P(2) 


P(l)ffiP(l) 


P(12) ©P(12) 


GP{+)®GP{+) 


^"1342 


P(ll) 


P(22) 


P(12) ©P(12) 


GP{+) ® GP{+) e 



The part " — " is omitted because it is complicated and it is not necessary to 
classify tptr 's in this paper. 



3.2 On UHF2 

The restriction of each of ipa^s in Table 1 on UHF2 is also an endomorphism 
of UHF2. We denote it by the same symbol for simplicity of description. 
For representations tt and vr of a C*-algebra A, we denote vr ^ vr if vr is 
equivalent to a subrepresentation of vr. 

Lemma 3.1 

P[12] o ^12 = P[1122] © P[2211], P[21] o V12 = P[1221] © P[2112], 

P[12]o^i3 = P[21]oVi3 = P[l]. (3.4) 

Proof. By Table 2, we have P(12) o = P(1122). On the other hand, 
by Theorem Ol we have P{12)\uhF2 = -P[12] © -P[21] and P{1122)\uhF2 = 
P[1122] © P[2211] © P[1221] © P[2112]. Let (W,7r) be P(12) with the GP 
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vector ri. We denote n^Si) by Si for simplicity of description. By defin- 
ing Vi = 7r{UHF2)i^ and V2 = tt{UHF2)s2^, we see that (Vi, vrl^^/^j) 
and (y2,TT\uHF2) are P[12] and ^[21] with GP vectors fl,S2^ respectively. 
Let ei = Q, 62 = S2^^ and tj = 'i/'i2('5i) for i = 1,2. Then we have 
^112261 = ei, ^211262 = 62, ti22iSiei = siCi, ^22115262 = S2e2- From 
ei,S2^ = 5262 G Vi and 62,si6i G ^2, we obtain P[1122], P[2211] -< Vi and 
P[2112],P[1221] ^ V2. Hence, by using (P[12] © P[21]) o ^/;i2 = P[1122] © 
P[1221] © P[2211] © P[2112], the statement for V12 holds. 

Next, by Table 2 and Theorem l^fiiiV we have P(12)oV'i3 = P(ll) = 
P(l; +1) © P(l; -1). From this result and Theorem [Ql we obtain (P[12] © 
P[21]) o V'ls = P[l] © P[l]- Therefore, the statement for V'ls holds. | 

Lemma 3.2 On UHF2, the following holds. 

(i) V'lS) ■012) ■024 and 1^34^ are irreducible and proper. 

(ii) V'142 is reducible. 

Proof, (i) From a o ipi^, = ^13, il:i'^[UHF2) is a subset of the fixed-point 
subalgebra {UHF2)°' with respect to a. Hence, the image of ^13 is a proper 
subset of UHF2. On the other hand, from (|3.4() . ^13 is irreducible. Therefore 
the statement for V'ls holds. 

Define the automorphism of O2 by </>(si) = (si -|- S2)/V^, 0(s2) = 
(— si -|- S2)/\/2. Then we have 

ipi2 = (Ad((/) o a))(V'i3), -024 = ■013 o a, '034 = (Ad(a o o a))('i/'i3)- (3.5) 

Therefore, using that (I)\uhf2 G AutC/-ffF2, the statements for il)i2, -024 and 
■034 hold from that for ipi'j,. 

(ii) Let p = ■0142- By the inductive method, we see that for any x £ UHF2, 
there exist y,z G UHF2 such that p{x) = siys\ + S2zs*2. For a,6 G C, let 
Ta^b = aEii + 6-E22 G UHF2. Then we see that Ta^bp{x) = p{x)Ta^b for any 
X G UHF2. Hence, r„,6 G p{UHF2)' n C/iJF2 for each a, 6. Therefore the 
statement holds. I 
Because the unitary equivalence in £"2,2 in Table 1 is given by the unitary in 
U HF2, there are at most 16 unitary equivalence classes in UE2.2 in Theorem 
1 1.41 with representatives in Table 2. Furthermore, we can verify the following 
identities in UHF2: 

■014 = ^01243, "0124 = ■0143, ^0132 = ^^234, ^^23 = ■01342- (3.6) 
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Hence, there are at most 12 unitary equivalence classes in f7£'2,2 with rep- 
resentatives as follows: 

r id, (12)(34), (12), (13), (24), (34), \ 

■ ^ (142), (123), (14), (124), (132), (23) / " ^-"''^ 

From Table 2, Proposition 12.51 (|3.2|) and Lemmas 13.11 13. 2| we obtain Table 
3. 



Table 3. Branching laws for UE2,2- 





P[l] 




P[2] o 


P[12] o 


GP[+] o 


property 


i>id 


P[l] 


P[2] 


P[12] 


GP[+] 


inn.aut 


^(12)(34) 


P[2] 


P[l] 


P[21] 


GP[+] 


out.aut 




P[12] C 


D P[21] 


P[l] ffi P[2] 


P[1122] ffiP[2211] 




irr.end 


i>13 


P[2] 


P[2] 


P[l] 




irr.end 


1p24 


P[l] 


P[l] 


P[2] 




irr.end 


tp34 


PWi 


eP[2] 


p[i2] e p[2i] 


P[1221] eP[2112] 




irr.end 


^/'142 


P[12] C 


e P[2i] 


P[12] © P[21] 


P[i] e P[2] 




red. end 


1pl4 


P[2]e 


DP[2] 


P[ll ffiP[l] 


P[21] ffi P[21] 


GP[+] e GP[+1 


red. end 


^23 




DP[1] 


P[2] e P[2] 


p[i2] e P[i2] 


GP[+] © GP[+] 


red. end 


V'123 


PWi 


DP[2] 


P[i] e P[2] 


p[i2] e p[2i] 


GP[+] © GP[+] 


red. end 


V'124 


P[2]i 


DP[2] 


P[i]eP[i] 


p[2i] e p[2i] 


GP[+] © GP[-] 


red. end 


V'132 


PWi 


BP[1] 


p[2] e p[2] 


p[i2] e P[i2] 


GP[+] © GP[-] 


red. end 



In order to show formulae of GP[+]o'ijj„, we use formulae GP[ziz]o8 = GP[i:] 
GP[+] o/5i = GP[+] 0/32 = GP[-], and Proposition [2Z71(ii), (E2J) and Table 
2. 



Proof of Theorem From (gSl) and #£^2,2 = 24, we have #UE2,2 < 20. 
(ii) is verified by using the latter statements of (|1.6j) with a direct compu- 
tation on Ejks. Therefore, we obtain #(C/£'2,2 \ UG2) < 16. We classify 
them with respect to the image V'o-(siSi) of V'o- at sis\ G UHF2 in Table 4. 



Table 4. The image '4>a{sisD of ipa at siSi. 



V'<t(siSi) 




^<t(siSi) 








V'12,^34 


S1S2S2S1 + S2Sl,sl;S2 




V'lS, V'123, 


S2S2 


V'1324, V'1423 




V'134('^ 


V'142), V'1234('~ '!/'24) 


S1S2S2S1 + S2S2S2S2 


l/'l4,'!/'124 


SiSiSiSi + S2S2S2S2 




'l/'24, V'142, 


SiSiS*S* + S2S1S1S2 


V'23, V'132 




■0243 ('^ 


^ V'123), V'1432(~ V'13) 



Because, from Table 1 and Table 3, endomorphisms in each case are not uni- 
tarily equivalent, they are different as elements in C/£'2,2- In consequence, 
we obtain that #([7^2,2 \ UG2) = 16. This imphes that #C/^2,2 = 20 in (i). 
The latter in (i) follows from Table 3. Likewise, (iii) also holds from Table 
3. I 
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We see that for any two endomorphisms in Table 3, their branching laws are 
different. 

Notice: We summarize remarkable results in this subsection, (i) There is a 
proper irreducible endomorphism of O2 such that its restriction on UHF2 
is not irreducible (see -0142 in Table 1 and Table 3). (ii) There is an en- 
domorphism p of UHF2 such that there are two different extensions of p 
to O2 and they are not equivalent in EndC'2 (compare Table 2 and 1)3. 6(1 ). 
(iii) Table 3 is the complete classification of endomorphisms in C/ii'2,2 with 
respect to unitary equivalence. Of course, this is properly finer than the 
classification by statistical dimension O^^. Furthermore, we see that 4 
equivalence classes of irreducible and proper endomorphisms in UE2^2- In 
this sense. Table 3 contains nontrivial results. 

3.3 Nakanishi endomorphism restricted on UHF3 

Our studies for endomorphisms were inspired by the following endomor- 
phism pi, of O3 discovered by Noboru Nakanishi: 

Puisi) = S2S3SI + SsSlS"^ + SlS2Sl, 
< Pu{s2) = S3S2SI + SiS3S*2 + S2Sisl, (3.8) 
, Puiss) = SlSisl + S2S2S*2 + S3S3SI, 

where si, 82,83 are canonical generators of O3. In Theorem 1.2 of |13j . we 
proved that p^ is irreducible and neither an automorphism nor equivalent 
to the canonical endomorphism of O3. By Table I (b) in we obtained 
the following: 

P(l)o/>^ = P(3)eP(12), P(12) op^ = P(113223). (3.9) 

Because pi, is one of the second order permutative endomorphisms of O3, 
PuluHFs is also an endomorphism of UHF3. 

Proposition 3.3 

P[l]op^= P[3]©P[12]eP[21], (3.10) 

P[12] op^= P[113223] © P[322311] © P[231132], (3.11) 
P[21] op^= P[223113] © P[311322] © P[132231]. (3.12) 
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Proof. The first equation holds from (jS^J and P{12)\uhF3 = P[12]©P[21]. 
In the same way, we have 



(P[12] © P[21]) o p, 



P[113223] © P[322311] © P[231132] 
©P[223113] © P[311322] © P[132231]. 



(3.13) 



Let {n, vr) be P(12) of Os with the GP vector Q. Then ei = Q and 62 = 
are GP vectors with respect to P[12] and P[21] in 7i, respectively. Define 
Vi = 'n{UHF^)ei and V2 = ■n{UHF-i)e2. Then 61,62,5161,5361,5262,5362 
are elements of the cycle of P(113223) in TL. We see that ei G ^1,5262 = 

525261 = 522,2161 G ^^,5362 = 532,2l6l G Vi, 62 G ^2,5161 = 525i62 = 

521,1262 G ^^2,5361 = 531,1262 G V2. Let ti = pu{si) for i = 1,2,3. Then 

we have tll3223ei = 61, t223113e2 = 62, ^3113225161 = 5i6i, tl3223l536l = 

5361, t3223ii5262 = 5262 and ^2311325362 = 5362. Therefore, we obtain 
P[113223],P[322311], P[231132] ^ Vi and P[223113], P[311322], P[132231] -< 
V2. From (j3.13|) . the statement holds. I 



4 Branching laws on fermions 

4.1 Fock representation and infinite wedge representation 

The Fock representation and the infinite wedge representation are well- 
known representations of fermions and they are important not only in physics 
but also in mathematics |171 118j . However there are few studies as a repre- 
sentation theory of the fermion algebra itself. We review a relation between 
them and permutative representations |14j . 

Definition 4.1 (i) The Fock representation of A is the class of represen- 
tation (7i, vr) with a cyclic vector ^1 £ 7i such that 



(ii) The infinite wedge representation of A is the class of representation 
{7i, vr) with a cyclic vector Q £ 7i such that 



where bk = 7r(a2fc+i), b^k = '^{a2k) for k e Z> + 1/2. 

(iii) {Ti.*,Tr*) is the dual of (TCtt) if {TL*,tt*) is equivalent to {TC,ir o (p) 
where tp is the *- automorphism of A defined by p{an) = (— l)"'^"'^a* 
for each n. 



7r(a„)i7 = {for all n G N). 



(4.1) 



b_k^ = bin = {for all k eZ> + 1/2) 



(4.2) 
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Notice: (a) The Fock representation and the infinite wedge representation 
are different from each other not only in numbering of generators but also 
in roles of creations and annihilations. The infinite wedge representation is 
often called as the Fock representation in a broad sense. In this paper, we 
distinguish them, (b) The map in Definition 14.11 (iii) is defined linearly 
but not conjugate linearly. Hence, (W*, vr*) is not a conjugate representation 
of {Ti.,TT). The naming "dual" is in conformity with the dual infinite wedge 
in [m. 

In Definition 14.11 (i) and (ii), in both cases is called the vacuum 
vector. The creation and annihilation (operator) with respect to their rep- 
resentations and vacua are given in Table 5. 



Table 5. Creations and anihilations. 





Fock 


Fock* 




IW 


IW 


creation 


* 




0'2n 


-1, a2n 


CL2n-l, 0-2TI 


annihilation 






a2n 


-1) l2n 


0-2n-l^ 02n 



Here n £ N, and Fock, Fock* , IW and IW* stand for the Fock representation, 
the dual Fock representation, the infinite wedge representation and the dual 
infinite wedge representation of A, respectively. 



We regard A = UHF2 as the same subalgebra of O2 by means of 
maps ^cAR, ^UHF2i ^ in l|l.^!> . (|1.4|) . (|1.7|1 . respectively. Restrictions of 
representations and branching laws are also described by such identifications. 

Theorem 4.2 

(i) The (dual) Fock representation is P[l] (resp. P[2]). 

(ii) The (dual) infinite wedge representation is P[12] (resp. P[21]). 

(iii) In both (i) and (ii), the vacuum vector of the former is the GP vector 
of the latter up to scalar multiple. 

Proof, (i) In [H, we denoted P(l) by Rep(l). From. P {l)\u h F2 =P{'^)\cAR = 
P[l] and § 3.3 of [J, the Fock representation is P[V\. From this result and 
P[2] o a = i-*[l], the statement holds. 

(ii) This is shown in Proposition 3.6 (ii) of jl4j . 

(iii) Because of the uniqueness of the vacuum and GP vectors, this is shown 
according to identification in ()1.7|) . I 

By Theorem 10 the four simplest examples P[l], P[2], P[12], P[21] of per- 
mutative representations of UHF2 are interpreted as well-known four rep- 
resentations in physics. In this sense, the isomorphism embeddings 
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^CAR and ^uHF2 are compatible with permutative representations of O2 
and UHF2, and they acquire importance in mathematical physics. 



4.2 Permutative endomorphisms restricted on fermions 

We show formulae of the second order permutative endomorphisms restricted 
on the CAR algebra A. We explain the computation method by using an 
example in £^2,2- 

Lemma 4.3 For n > 1, the following holds: 



Proof. Let p = Vi42- First, we see that p{ai) = siaisl + S2a^S2 ^^^^ 
p{a2) = sia'^sl — S2a2S2- Next, we can verify that if X and Y in O2 satisfy 



that p{X) = siXsl + S2X*s*2 and p{Y) = siY*sl - S2Ys*2, then p{C{X)) = 
siCiXysl - S2CiX)sl and p{CiY)) = -siC{Y)sl - S2C(n*S2 where C is 



defined in H1.3() . By the induction method, we obtain that p{a2n-i) = 

(-l)""^(sia2n-lSl +S2a2n-l4) ^ud p{a2n) = (-l)"'"Hsi4„Si - S2a2nS*2). 

Since we have siXsl = aialCiX) and S2XS2 = -a^aiC(X) for any X G O2, 
the statements hold. I 

In this way, we compute ipa{an) for every element in Table 3 and we show 
their properties in Table 6. 



V'i42(a2n-i) = (-1)" {aia\a2n - a\aia*2n), 
V'i42(a2n) = (-l)"'"-^(aiaia2n+i + a\aia2n+i)- 



(4.3) 
(4.4) 



Table 6. Elements in UE2,2 on fermions. 



property 



V'(12)(34) 



ai (n = l), (-l)"o; (n>2) 



a- 



'TL 



inn.aut 
out.aut 
irr.end 
irr.end 
irr.end 
irr.end 
red. end 



1pl2 

V'34 
V'142 




^14 

1pl23 
V'124 
•0132 



red. end 
red.end 
red. end 
red.end 
red.end 



19 



Because '(/'12 5 V'lS) "024 and 1^34 are irreducible and proper, they are important 
as nontrivial endomorphisms (or sectors) of A. We show their first three 
formulae in Table 7. 



Table 7. V'^(ai), V'a(a2), V'..(a3) for a = (12), (13), (24), (34). 



^12 (ai) = 


-ai(o2 + 02) 


^12 (a2) = 


— (aittial + a*aia2)(a3 + 03) 


^12 (ag) = 


{aial(a2a2a3 + 020203) - alai{a2a2a3 + a2a2a3)}(a4 + al) 


tpiaiai) = 


ala2a2 + aia2ffl2 


^13(02) = 


(al; + ai)(-a2a3ffl3 + 020303) 


^13(03) = 


(al — ai)(— a2 + a2)(— a3a4a4 + azala4) 


^24,{ai) = 


a\a2(i2 + a\a2aL2 




— (ai + ai)(— a2a3a3 + 020303) 


i>24{a3) = 


(oj — oi)(— 02 + 02)(— 03O40J + 030104) 


^34 (ai) = 


-01(02 + 02) 


^^34 (02) = 


-(01O1O2 + 0i0i02)(03 + O3) 


^34(03) = 


{—0101(020203 + O2O2O3) + 0^01(020203 + 020203)1(04 + 04) 



For Table 7, we use ■013 = ^"245 aoil}\2°a = and a(a„) = (—1)" "^a*. 
From Table 3 and Theorem 14.21 we obtain branching laws on A in Table 8. 



Table 8. Branching laws restricted for UE2,2 on fermions. 





Fock 


il'a 


Fock* 


V'.T 


IW 


tpa 


it'id 


Fock 


Fock* 


IW 


'0(12)(34) 


Fock* 


Fock 


IW* 


1pl2 


IW® 


IW* 


Fock ® 


Fock* 


P[1122] ( 


BP[2211] 


V'13 


Fock* 


Fock* 


Fock 


V'24 


Fock 


Fock 


Fock* 


^"34 


Fock e 


Fock* 


IW® 


IW* 


P[1221] ( 


BP[2112] 


^/'142 


IW® 


IW* 


IW® 


IW* 


Fock Q 


) Fock* 


V'14 


Fock* g 


) Fock* 


Fock S 


) Focfc 


IW* ( 


BIW* 


V'23 


Fock a 


) Fock 


Fock* a 


) Fock* 


IW(. 


BIW 


V'123 


Fock © 


Fock* 


Fock ® 


Fock* 


IWQ 


)IW* 


V'124 


Fock* S 


) Fock* 


Fock a 


) Focfc 


IW* (. 


BIW* 


V'132 


Fock a 


) Fock 


Fock* 5 


) Fock* 


IW®IW 



From Table 8, the Fock representation, the infinite wedge representation 
and their duals are transformed to each other by endomorphisms. In case 
a branching occurs, new vacua appear instead of the original vacuum. For 
example, we see that ()1.8() is nothing but "0142 The branching law Focko 
■0142 = IW © IW* means the Fock vacuum is transformed to two vacua, 
that is, the infinite wedge vacuum and the dual infinite wedge vacuum, by 

V'142- 
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